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Structural stocking guides: a new look at an old 
friend 

Jeffrey H. Gove 

Abstract: A parameter recovery-based model is develooed that allows the incornoration of diameter distribution 
information directly into stocking guides. The method is completely general in applicability across different guides and 
forest types and could be adapted to other systems such as density management diagrams. It relies on a simple measure 
of diameter distribution shape, the basal area larger than quadratic mean stand diameter, to estimate the parameters of the 
unknown distribution. This latter quantity is shown to have high correlation with stocking guide variables in northeastern 
forest types. A primary objective of this new type of guide is that its use should require a minimal amount of new 
information From the user and that the underlying model should be as simple as possible. 

R h m C  : Un modde bas6 sur la rkup6ration de paramktres a Ct6 d&eloppt pour pmet t re  I'incorporation d'infomation 
sur la distribution des diamktres directement dam des guides de densiti relative. La mLthode est totalemem g6n6rale 
et applicable pour les differents guides et types forestiers ; elle pounait &re adapt& h d'autns systkmes c o m e  les 
diagammes de gestion de la densitk. Elle repose sur une simple mesure de la fome de la distribution des diamiees, la 
surface tenikre cumul6e des arhres des catigories de diamktre sup61ieures au diamhtre moyen quadratique du peuplement, 
pour estimer les paramktres de la distribution incomue. Cette dernikre variable est fortement corr6lke aux variables des 
guides de densit6 dans les types forestien du Nord-Est. Le principal objectif de ce nouveau type de guide consistait 3 
rkduire au minimum I'information nouvelle requise par son utilisateur et h garder le mod6le sous-jacent aussi simple que 
possible. 

[Traduit par la RMaction] 

Introduction 

Stocking guides were first introduced by Gingrich (1967) 
as a means for aiding the decision-making process in silvicul- 
turd stand prescription activities. Since the introduction of Gin- 
grich's first upland oak stocking guide, numerous other guides 
have been constructed for many forest types in the United States 
and Canada. While there are some differences in the methods of 
preparation for subsequent guides, most stocking guides follow 
the general format of Gingrich (1967) for presentation (Leak 
1981). The guide itself is set in the cartesian plane described 
by the number of trees per acre (N)  (1 acre = 0.404 685 ha) on 
the x axis and basal area per acre (B) on the y axis; hereafter 
this is referred to as the N-B plane. Additional lines denoting 
stands of constant quadratic mean stand diameter ( D ~ )  con- 
necting the lines of average maximum stocking (A-line) and 
minimum stocking for full site utilization (B-line) are also in- 
cluded. Sometimes, but not always, a C-line is added, which 
represents the collective set of stand conditions in the N-B 
plane that will grow to the B-line in 10 years under average site 
conditions. 

There has been muchdiscussion over how best to fit the differ- 
ent stocking lines on the guide and what kinds of stands should 
be used in so doing. In addition, some researchers have raised 
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pertinent questions about what stocking guides truly represent 
in relation to stand growth (e.g., Leak 1981). Others have advo- 
cated adding related auxiliary information to stocking guides. 
For example, Seymour and Smith (1987) added lines of con- 
stant height to the original eastern white pine (Pinus stmbus 
L.) stocking guide. The model developed for their guide also 
enabled them to suggest a new B-line formulation, which was 
well below that of the original. Growth information has also 
been added to stocking guides by Leluy and Standfield (1986) 
in the form of direction fields. It was proposed that these dy- 
namic stocking guides allowed one to project the future position 
of candidate stands on the N-B plane by following the direc- 
tion field for that stand as  shown on the guide. Initially, these 
fields were set up for 10-year projections, but any time inter- 
val could be used. Goelz (1990) developed a similar strategy 
for incorporating growth onto stocking guides; however, rather 
than using direction fields, contours were plotted on the N-B 
plane representing 10-year volume growth. 

In recent years, standdensity management diagrams (DMDs) 
(Drew and Flewelling 1977, 1979) have gained in popularity 
both in North America and worldwide, finding their roots in the 
Japanese literature based on the principle of self-thinning (Yoda 
et al. 1963). These gu_ides may be constructed with mean tree 
volume, biomass, or Do (e.g., McCarter and Lonp 1986) on the 
y axis rather than hasal'areaper acre, while N re-ns on the x 
axis. Ifjudged by the sheer number of extant DMDs, the guides 
based on mean tree volume are evidently preferwj by foresters. 
However, it is easily shown that those based on Dp are closely 
related to stocking guides and also Reineke's (Reineke 1933) 
stand density index. Like stocking guides, DM-Ds often portray 
other information, such as lines of constant Dq (on the mean 
tree volume guides) and height (Drew and Flewelling 1979; 
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Newton and Weetman 1993). 
The intent of this paper is not to enter the debate over whether 

stocking guides or DMDs should be preferred, or even how or 
what information should be presented on such guides. Rather, 
recognizing the fact that stocking is also intrinsically tied to 
stand structure in the form of the stand diameter dishibution, a 
modeling technique is proposed that can be used to add infor- 
mation on the underlying distribution to such guides. Stocking 
guides are chosen for illustration, but similar models can be 
developed for DMDs as well. The proposed modeling strategy 
uses parameter recovery (PR) (Hyink and Moser 1983) meth- 
ods to estimate the parameters of the underlying distribution at 
any point on the N-B plane. The joint prime objective was to 
develop the simplest model possible for illustration of the tech- 
nique tailored to an individual stocking guide, while requiring 
a minimal amount of new information from the user of such 
guides. 

There are numerous situations in which information about the 
diameter distribution for a stand may be lacking, while having 
knowledge of such information would be useful. For example, 
following the direction field trajectories on dynamic stocking 
guides places a stand at a new projected point 10-years hence 
with no associated distributional information - while an es- 
timate of the diameter distribution for the current stand may 
be known from a prescription inventory, the future distribution 
remains unknown. The same would be true for any whole-stand 
growth model that might be used for projecting thc growth of 
existing stands on the guide. Alternatively, a stand may he in 
need of atreatment in the form of a thinning at the present time. 
For the sake of example, it might beexpedient to move the stand 
from the current position on the N-B plane to the B-line, while 
maintaining the same Dq for the stand. The diameter distribu- 
tion for the target stand is unknown at this point. Knowledge 
of even an estimated diameter distribution for the target stand 
could simplify marking in the case of upcoming silvicultural 
activities. It may even be useful from a pedantic point of view 
to compare the existing stand conditions to some smooth the- 
oretical model that corresponds to that stand. FinilUy, it may 
simply be of interest to visualize how stand suucture varies 
over a given stocking guide. In all cases, the proposed model 
for adding diameter distribution information to stocking guides 
would provide a solution. 

Parameter recovery methods 

Parameter recovery models were first introduced by Hyink 
(1980) and later formalized by Hyink and Moser (1983). Pa- 
rameter recovery models are normally built intoor coupled with 
systems of equations for growth and yield modeling on a whole- 
stand basis (e.g., Lynch and Moser 1986; Murphy and Farrar 
1988). In this framework, stand-based quantities that can be 
mathematically predicted by the growth models are set equal 
to corresponding quantities as given by a probability density 
function (PDF); one equation is established for each unknown 
parameter in the PDF being used. This yields a system of typ- 
cally nonlinear equations that can be solved simnltanwusly for 
the unknown PDF parameters -in concept, PR methods are 
very similar to the method of moments used in classical statis- 
tics. However, parameter recovery methods need not be explic- 
itly coupled to growth projection systems; observed quantities 

can be used as well. In the parameter recovery model presented 
here, a mixture of known (possibly with sampling error) and 
predicted quantities will be employed. 

The entirety of information required for the use of classical 
stocking guides can be determined by the familiar triplet of 
basal area per acre, number of trees per acre and the quadratic 
mean stand diameter. For convenience, this triplet may be de- 
noted as $ = (B, N, Dq). Stocking guides allow the graphical 
representation of these variables in two dimensions because of 
their intrinsic relation 

where K is the conversion factor from inches (1 in. = 2.54 cm) 
to square feet (1 f$ = 0.093 mZ). This relationship may be 
used to advantage to determine a parameter recovery model for 
structural stocking guides - at least in part. 

The two-parameter Weibull distribution was chosen for this 
parameter recovery model because of its long history of use in 
forestry. More importantly, however, the two-parameter Weibull 
retains agreat amount of inherent flexibility of form for adistri- 
bution parameterized by only two unknowns. Because param- 
eter recovery models require one estimating equation for each 
unknown this becomes a very <mp&ant consider- 
ation, given the initial objective of requiring virtually no new 
information from the forest manager. Given the constraints on 
the information content in eq. 1, the number of unknown pa- 
rameters becomes a very important consideration in the model. 
Because stocking guides are presentedinthe cartesian plane and 
requireonly twoof the three standvariables found in 3 tolocate 
any stand, it is tempting to think that two independent equations 
can be generated for parameter recovery from this relationship. 
However, this is not the case. A little further reflection reveals 
that once one of the stand variables is determined, both of the 
two remaining stand variables are invariant for a given point 
on the stocking guide. Thus, the use of eq. 1 allows only one 
degree of freedom in the determination of estimating equations 
for the parameter recovery scheme. As a consequence, we must 
look elsewhere for the second equation. 

In this study, the random variable D is diameter at breast 
height (DBH). The DBH-frequency dishibution can be charac- 
terized by the two-parameter Weibull, which is given as 

The two unknown parameters in this distribution are the shape 
parameter y and the scale parameter f i  and comprise the pa- 
rameter vector @. In addition, the a th  raw moment of the two- 
parameter Weibull is & = jYT(a/y + 1).  This last relation- 
ship becomes critical to the development of the first parameter 
recovery equation. 

The basal area equation 
A special case of the raw moment equation for the two- 

parameter Weibull occurs when a = 2; viz 
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and, as has been noted before (Ek et al. 1275; Burk and New- 
berry 1984; Gove and Patil1998), !A; = D:. In addition, basal 
area per acre can be calculated using the moment method (Gove 
and Patil 1998) as 

B' = NK d2 f (d; 8) dd ! 
Assembling these facts and letting kz = 2/y + I leads to the 
following equation: 

where, in general, r(k) = lr tk-'exp(-t) dt, k > 0 is the 
gamma function. This allows development of the first parameter 
recovery equation. First, however, let *s = (B,, N,. Dqs) de- 
scribe the necessary stand parameters for any point s on the 
stocking guide for which a diameter distribution is desired. 
Therefore, the basal area, number of trees, and quadratic mean 
stand diameter are assumed known (for the sake of model de- 
vcloprnent only. \rc assume thew quant~tic< are known without 
crnr :I[ this ooint~ head  dt inic  iur thc rtdnd. Settmr the hdsal ~ - - ~ -  ~ ~ - ~ - ~  . , - 
area for the stand at stocking guide point s equal to the above 
equation yields the first parameter recovery equation; viz 

It is unfortunate that the interdependence of the stand vari- 
ables in $ is such that no matter bow ingenious, any attempt to 
write another independentparameter recovery equation in terms 
of the one of the remaining variables will fail. Any attempt to 
solve such a system results in infinitely many solutions for any 
given point on the stocking guide; the solutions trace out the 
path of the two-parameter Weibull distribution in the Pearson 
(skewness-kurtosis) plane. Thus, there is no intrinsic diameter 
dismbution associated with any given point on a stocking guide 
given the currently available information in $.The requirement 
then becomes one of finding a measure that will essentially fix 
the shape of the Weibull at any points to make up the second 
parameter recovery equation. 

The BALM equation (the basal area larger than the 
quadratic mean stand diameter) 

An interesting alternative to the usual parameter recovery 
scheme is to mix in what amounts to a percentile-based esti- 
mating equation. In this case, one could consider the proportion 
of trees per acre in some portion of the diameter distribution, or 
alternatively, one could choose some proportion of basal area. 
The two important requirements are tbat (i) the chosen area in 
the distribution is useful in defining the shape of the distribu- 
tion and (ii) one of the other variables in $ must be present in 
the estimating equation in order to fix the specific point on the 
stocking guide. Auxiliary considerations include the fact that 
the quantity chosen must be easily understood by foresters and 
simple to calculate. A quantity that has evidently not received 
much previous attention is useful for this purpose: BALM. 

It turns out tbat BALM has a number of useful cbaracteris- 
tics, not the least of which is its ease of calculation. Given an 
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empirical diameter distribution, say from the stand table in a 
forest inventory, BALM can be easily calculated as 

In addition, BALM can also be calculated from either the DBH- 
frequency distribution or basal area-size distribution (Gove and 
Patil 1998) as 

BALMF = NK / d2 f (d; 8)dd 
d zDq 

respectively, where f;(d; 8 )  is the size-biased PDF of order 
a = 2 for the basal area-size distribution. Following Gove 
and Patil(1998), under the two-parameter Weibull model these 
two equations can be written in terms of the gamma func- 
tion, T(k), and the incomplete gamma function, (Y(k, x) = 

X k l  So 1 - exp(-t) dt, k > 0), as 

where = [r(kz) - Y(k2, ( D ~ / ~ ) Y ) ] .  This last set of equa- 
tions are in a form convenient for computation. 

To put BALM on a more useful basis for parameter recovery, 
recall that the discussion was originally motivated by speci- 
fying a proportion of the overall basal area per acre that can 
be attributed to BALM. Thus, proportion BALM, defined as 
=BALM = BALM/B, is a more appropr@te quantity. Graph- 
ically, the relationship among wBALM, Dq, and the diameter 
distributions f (d; 8)  and f;(d; 8 )  is illustrated in Figure 1. 
Notice that =BALM issimply the area under the curve for all 
diameters larger than Dq in the basal area-size distribution. In 
addition, it can be shown that the two curves always intersect 
at the quadratic mean stand diameter (Gove 2003~). 

Formulas fur NBALM follow directly from the relationships 
above. For the empirical distribution 

and regardless of whether the DBH-frequency or the basal area- 
size distribution is used, it can be shown that both will yield the 
same equation; viz 

Notice that this latter equation also fulfills the requirement that 
either D, or N be in the PDF-based portion of the parameter 
recovery estimating equation in order for a given points on the 
stocking guide to be uniquely defined. 

The final form of the parameter recovery equation for 
=BALM evidently requires an additional piece of information; 
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Fig. 1. Graphical definition of aBALM (shaded region) using the 
DBH-frequency (dashed) and basal area-size (solid) distributions. 
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DBH (in) 

that is, some estimate of mBALM for the sth point on the stock- 
ing guide in which interest lies. Let pf represent this missing 
piece of information. For the present, we will assume either that 
p8 = NBALME or that we have some guess or estimate of ps 
available. Then the second parameter recovery equation for the 
two-parameter Weibull distribution is 

Equations 2 and 3 completely specify the parameter recov- 
ery estimating equations for structural stocking guides. These 
equations may be easily solved for a point s on the stocking 
guide. The solution can be found solving the following sim- 
ple, nonlinear, minimization problem in terms of the unknown 
parameter vector 8 for the two-parameter Weibull distribution 

which yields an estimated parameter recovery vector 8 of 0 .  
Figure 2 illustrates that =BALM effectively determines the 

shape of the unknown diameter distribution in question for any 
given stocking guide point. In this figure, the parameter recov- 
ery model [4] was solved at several points on a stocking guide as 
shown in Table 1 with j. and B being the estimated parameters. 
Figures 2a-2c illustrate the situations where p8 = 0.83,0.70, 
and 0.62, respectively. Notice that for a given level of Fs, the 
scale parameter for the Weibull changes according to the points 
on the stocking guide, hut that the shape parameter remains 
fixed (Table 1 and Figure 2). At a constant level of ks, this re- 
mains true for any point on the guide. Thus, if ps is specified, 
fixing the shape of the diameter distribution, the scale parame- 
ter varies over the entire N-B plane, determining the difference 
in stand structure for a given ctBALM. It should be clear that 
there are infinitely many values of mBALM and t combina- 
tions covering the full range of shapes for the two-parameter 
Weibull PDF. 

Fig. 2. An illustration of the effect of =BALM on diameter 
distribution shape using the data in Table 1 for stands 1 (long 
dashed), 2 (solid), and 3 (short dashed) at (a) p8 = 0.83, 
(b) ps = 0.7, and (c) = 0.62. 
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Finally, because mBALM is a relative measure that relies 
on Dqr it seems reasonable that the minimum stand diame- 
ter (D,i,) will also affect this quantity. That is, there can be 
many different standconditions withdierent ( D ~ . ,  Dq) com- 
binations that can produce the same relative value of BALM. 
The importance of including D- will become apparent in 
the next section. Combing  all of the above information re- 
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Table 1. Parameter recovery estimates 8 = ( j . ,  B )  for three different stands on a stocking 
guide comsponding to the graphs in Figure 2. 

P, = 0.83 P, = 0.70 P, = 0.62 
Stand (s) B, (@.acre-'1 N, (acre-') D i n .  j. = 1.00 j. = 2.76 j. = 8.41 
1 150 1000 5.2 3.71 5.49 5.50 
2 100 500 6.0 4.28 6.33 6.35 
3 250 250 13.5 9.58 14.16 14.22 

Note: To convert scale parameter values to metric, multiply by 2.54 

quired to structural stocking gulde theory, we can define the 
- n -  

augmented information vector $: = (B,, N,. Dqs , Ps, D ,,,,,,, ), 

where D,, is an estimate of Dm,, . In practice, the minimum 
diameter can be estimated from a walkthrough of the stand 
under consideration in most situations; its inclusion, therefore, 
results in minimal additional information required for the model 
beyond the normal stocking guide parameters. In addition, to 
minimize notation, it shouldbe understood fromthe context that 
the components B,, N, ,  and Dq, of 6: can also be estimates 
rather than quantities known without error. 

Structural stocking guides 

One of the strengths of conventional stocking guides is 
the useful portrayal of three related variables in an easy-to- 
understand graphical guide. Because of this familiar structure, 
it makes some sense to adapt the parameter recovey methods 
of the previous section to the graphical realm as well. The tact 
taken in this section is torepresentthe parameters of theWeibuU 
distribution as contours overlaid on the stocking guide plane. 
This can be accomplished in a several different ways, two of 
which arediscussedindetail inthis section. Alternativemethods 
for representing this information can also be readily envisioned 
but will not be discussed here. 

Perhaps the simplest way to begin is to assume initially that 
a forester can provide an estimate p of cxBALM for a given 
stand by some method such as ocular estimation. Based on the 
discussion in the previous section and the examples in Table 1 
and Figure 2, we know for a fixed level of cxBALM the shape 
parameter is also fixed and only the scale parameter varies from 
point to point on the stocking guide. This suggests that one can 
generate a contoured prototypical structural stocking guide of 
the scale parameter at every possible level of the shape param- 
eter. In practice, this is done by fixing CXBALM at a given level 
and solving the parameter recovery model [4] at a grid of points 
across the N-B plane. The solutions will have shape parameter 
estimates that are all the same, but the estimates B will vary 
from point to point; it is these scale parameter values that can 
be contoured with manv available statistical software ~ a c k a ~ e s .  - 
Figure 3 illustrates this idea using the same levels of p that are 
found in Table 1 overlaid on top of an eastern white pine stock- 
ing guide for New England (Philbrook et al. 1973). Note that 
the contours for the guides in both Figures 3b and 3c are very 
similar. Comparing the shape of the distributions for these lev- 
els (Fig. 2), one can readily see that this is because they are both 
relatively bell-shaped, whereas the distributions at p = 0.83 

are reverse J-shaped. In other words, the form of the distribu- 
tions change in some nonlinear manner with cxBALM. Finally, 
note that it is quite possible to approximate the estimated scale 
parameter values in Table 1 simply by interpolating from Fig- 
nrc 7 -. . . . 

There are three points that should be made concerning these 
guides. Fist, notice that regardless of the level of cxBALM, 
the contours for the scale parameter always parallel the lines of 
constant Dq on the guides. This suggests a very strong correla- 
tion between Dq and 8. Second, these guides are prototypical 
because, while they embody the essence of incorporating diam- 
eter distribution information into the stocking guide, they lack 
any species or species assemblage specificity. In other words, 
if a spruce-iir stand and a white pine stand both had estimated 
p = 0.7, the contours for the guide in Figure 3b would be used 
for both stands regardless of the where the points fell on the N- 
B plane within the respective guides. Third, there is no way to 
differentiate stands adjusting for D- with these prototypical 
guides. 

Differentiation by species or stand types is, however, an im- 
portant component of stocking guides. Just as these different 
stand types do not share the same A- and B-lines on conven- 
tional stocking guides, it seems unlikely that a white pine stand 
and spruce-fir stand that shared the same stocking parameters 
(B,, N,, D,, j would also share the same diameter distribution 
at point s. Constmcting individual structural stocking guides 
that overlay onto existing guides such as the northern hard- 
wwds (Leak et al. 19871, spruce-fir (Frank and Bjorkbom 
19731, white pine (Leak and Lamson 1999; Philbrook et al. 
1973; Seymour and Smith 1987). or other guides requires some 
relationships that will allow customization of the Weibull pa- 
rameter contours. To illustrate the methods used to accomplish 
this, a small data set of white pine growth plots from New 
Hampshire is used. The Hatch plot data set was established in 
the early 1960s and consisted of permanent plots ranging in 
size from 1/20 acre to 115 acre (0.02-0.8 ha), with one plot 
per stand throughout New Hampshire. These plots were estab- 
lished in pure, even-aged white pine stands that had no less that 
80% white pine by overstoly basal area (Barrett and Goldsmith 
1973). Approximately 100 plots were originally established, of 
which only a subset remain today - many having been cut or 
converted in the intervening years. In the current study, 38 of 
these Hatch plots that are still in existence were used, with up 
to 11 remeaurements on each plot. These data are part of the 
original data set used to establish the A- and B-lines on the 
original white pine stocking guide (Philbrook 1971; Philbrook 
et al. 1973). 

6Z Z W 4  NRC Canada 



Fig. 3. Protolypical structural stocking guides of the Weibull scale 
parameter (dashed Lines) for the levels of constant~B.4I.M given 
in Table 1: (a) Fs = 0.83, ( b )  Fs = 0.7, and (c)  P, = 0.62. The 
stocldng guide over which the contours are laid is for eastem 
white pine with D, ranging from 4 to 18 inches (10.140.6cm). 
To canvert scale parameter values to metric, multiply by 2.54. 
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To construct species-specific structural stocking guides, the 
final components of 4: (i.e., ps and ~ , i , , , )  may he used to 
differentiate guides accordingly. To this end, there must be a 
relationship among (i) BALM or aBALM, ( i i )  D,,,inin. and (iii) 
at least two of the three stocking variables in $ to allow for 
modeling and subsequent prediction. The requirement that there 
be two variables is necessary because if the relationship held 
for only one of the variables, then the same stand structures 
would be predicted for any level of the other two, and this 

is undoubtedly an unrealistic situation. With the Hatch data, 
aBALM shows weak correlations with individual components 
of $ and Dm& however, stronger correlations with BALM are 
evident in these data. Figure 4 presents a plot of the Hatch 
data with the growth traces of BALM in relation to B  over the 
recorded remeasurements. While a few plots show discernable 
intemption of the h e a r  trend - possibly due to harvesting 
activities -themajority of the plots show a strongly consistent 
linear trend. Similartrends were also found for N, Dq, and D,,,j,,, 
though not quite as strong. 

Because of the nature of these data (longitudinal, with prob- 
able population (fixed) and sample unit (random) effects), a 
linear mixed-effects model was determined to he a ~ ~ r o ~ r i a t e .  
Based on guidelines for model selection presented b s ~ i h h e i r o  
and Bates 2000), the following model was chosen: 

[S] Di = Xij3 + Zibi  + ri, i = l ,  ..., M 

where Ui is the ni-dimensional (number of observations) re- 
sponse vector, BALM, for the ith plot, with M = 38 plots. 
The fixed effects regressor mauix, X i ,  includes variables B ,  
D ~ ,  and D,,,i,. The random effects regressors Zi again in- 
clude B  and D e n .  In this model formulation, the j3 and bi 
correspond to the fixed and random effects, respectively, and 
the ci - N(0, oz&) are the ni-dimensional within-plot er- 
rors, assumed to be independent of the random effects and 
between plots. In addition, the random effects are assumed 
bj - N(0, v). 

The model formulation given in [S] does not include intercept 
terms for either the fixed or random effects components. The 
no-intercept formulation was judged superior to models that in- 
cluded an intercept based on likelihood ratio tests. In addition, 
the longitudinal structure of the within-plot measurements con- 
stitutes a time series with missing data and unequal remeasure- 
ment intervals. An exponential variogram model (Pi ie i ro  and 
Bates 2000, page 232) with no nugget term was used to model 
the within-plot correlation structure of the residuals. The final 
fitted model for the prediction of BALM is 

where & is the predicted value for BALM, adjusted for the 
stand parameters at points on the eastern white pine stocking 
guide and the associated minimum stand DBH. This equation 
is remarkable in its simplicity and shows a strong relationship 
between these variables. 

The relationship in [6] suggests a straightforward method for 
constructing a structural stocking guide for eastern white pine. 
The following steps are applied over a grid of points on the 
N-B plane: 
1. F i t ,  for a given point s on the stocking guide with pa- 

rameters $, = ( B , ,  N,,  D,~) and D e , ,  predict & from 
[61. 

2. Next, compute ps = & / B , ~ ,  yielding the estimated vector 

4;. 
3. Finally, solve the parameter recovev problem [4] at point 

s using 4: and yielding the estimated parameter vector 
@ = (F;, 6;). 

When this procedure is applied to each grid point, the resulting 
values for 8' may be individually contoured 
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Fig. 4. Growth traces of BALM and B for 38 Hatch plots with 
up to 11 remeasurements per plot. 
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The above procedure was applied in two ways to illustrate 
the development of structural stocking guides. In both cases, 
minimum stand diameters of 0 and 2.5 in. have been used to 
illustrate the need for considering Dd, in the development of 
these guides. The first set of guides presented in Fig. 5 are not 
structural stocking guides, but simply show the prediction f 
of aBALM from eq. 6 overlaid onto the N-B plane. Such a 
graphical presentation is helpful in envisioning the interaction 
of stand variables & and aBALM, since this is evidently a 
new measure applied to stocking. The first thing to notice is that 
the contours in Fig. 5 clearly show differences based on D,i,. 
When Dmi, = Oin., the fully stocked stands generally follow a 
relatively bell-shaped distribution (c.f. Fig. 2). As we proceed 
towards the B-line on the stocking guide, the stands become 
more and more positively skewed, until they actually become 
reverse J-shaped in the understocked condition. In contrast, the 
predicted contours for =BALM on-the D,, = 2.5 in. guide 
tend to parallel the lines of constant Dq at smaller diameters and 
depart from this almost paralleling constant number of stems as 
Dq increases. Predicted shapes range from negatively skewed 
in the lower ranges of D~ again to almost reverse J-shaped 
for stands with largest Dy in the extent of the guide. Clearly, 
the shape of underlying stand distributions, as judged by the 
surrogate variable aBALM, change with changing D,. under 
this paradigm. 

While the guides inFig. 5 areinteresting in the sense that they 
provide a feel for the variation in shape of model distributions 
overthe stocking guide, they lack critical information about dis- 
tribution scale. The above gridding procedure was again applied 
at the same levels of D ~ , ,  this time to the estimated Weibull 

300 

p.ir,,mr.tr.rj, and ihe rebuking >tr~ctur;~l ctockins guidcs twen\t- 
crn u h t s  nine arc shuun i n  Fi.\ 0 md 7. hutice that t u t ~  \ lea s 

i 
,' 1' 68.9 

- 
of each guide are generated, one each for the scale and shape 

This &s done to lessen confusion for the first pre- 
sentation of such guides. It is entirely possible to combine this 
information into one chart if desired. 

Notice on these structural stocking guides that the scale pa- 
rameter parallels the lines of equal D,, just as in the prototypi- 

Fig. 5. Interpolated surface of predictions (dashed lines) from 
model [6] for (a) D,. = 0.Oin. and (b)  Dm, = 2.5 in. with 
eastern white pine stocking guide. 
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cal guides. Likewise, notice that the predicted shape parameter 
contours parallel the contours for =BALM shown in Fig. 5, 
providing further proof of the fact that aBALM effectively de- 
terminestheshapesof the resulting Weibull distributions. To use 
these guides, one simply determines where the stand of interest 
@, falls on the guide with the desired value of D,,,inin, and iuterpo- 
lates both p: and from the contours. For example, if the mini- 
mum DBH for a stand is D,, = 0 in. and @,y = (200,500,8.6) 
(45.9m2.ha-', 1235.5 ha-', 21.8cm), then $ can be interpo- 
lated from Fig. 6 as li: = 2.1 and & = 8.6in. (21.8cm). 
Furthermore, the predicted value of FT = 0.731 at this point 
using [6] can be interpolated to a reasonable degree of accu- 
racy from Fig. 5. The actual estimates from solving [4] with the 
above stand parameters are (2.081, 8.632), a close agreement. 
These estimated Weibull parameter values found via interpo- 
lation from the structural stocking guide, or from solving [4] 
directly, can then be used with the familiar two-parameter cu- 
mulative distribution function to recover the predicted diameter 
distribution as usual; viz 

fisd = ~ , { e x ~ [ - ( d ~ / $ ) ~ ~ ]  - exp[-(du/~~)":l) 

where dl and d, are the lowerand u per limits, respectively, R for the dth diameter class, and N,d is t e number of trees UI the 
dth diameter class at structural stocking guide points. 
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Fig. 6. A structural stocking guide for eastem white pine for 
D&, = 0.0 in. with (a) shape parameter estimates p9' and (b) scale 
parameter estimates 8; - all scale contours turned to parallel the 
4in. contour at low N (not shown for clarity). To convert scale 
estimates to metric, multiply by 2.54. 
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In theory, using models [6] and [41 would seem to be the 
preferred method for predicting a stand structure for eastern 
white pine based on the structural stocking guide paradigm. 
However, it appears from the above example and from other 
tests that little infomation is lost in the interpolation process 
by using the graphical approach, providing that the g i d  spacing 
is tight enough to allow accurate contouring in constructing the 
guides. In the creation of the contoured aBALM surfaces and 
the actual structural stocking guides presented in Figs. 5, 6, 
and 7, gridding ranged from B = 50-320ft2 by increments of 
loft2, whereas N ranged from 50 to 1550 in increments of 50 
trees per acre. Such spacings are evidently adequate to prepare 
guides for contouring while preserving a reasonable degree of 
accuracy to the underlying model. 

Examples 
Unfortunately, it is difficult to design simulations to test a 

model such as the one presented here. The problem is that 
our only concept of the stand structure of white pine stands 
comes from the model and possesses the assumptions embod- 
ied therein. In other words, it is not possible to generate, for 

Fig. 7. A structural stocking guide for eastem white pine for 
D- = 2.5 in. with (a) shape parameter estimates vs' and (b) scale 
parameter estimates 8: - all scale contours tumed to parallel the 
14in. contour at low N (not shown for clarity). To convert scale 
estimates to metric, multiply by 2.54. 
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example, stand DBH distributions at a given point on the stock- 
ing guide that represent eastern white pine stands without re- 
sorting to the information on the contours in the figures - viz, 
the structural stocking guide model. This would be employing 
circular reasoning. For example, suppose we want to generate 
stand diameter distributions for eastern white pine at a point 
s with B, = 100 and N, = 500. The only knowledge of the 
DBH distribution structure (i.e., the Weibull parameters) at that 
point comes from the contours in Figs 6 and 7 and depends 
on D,i,. Therefore, we must rely on data from sampled pure 
eastern white pine stands to test the model. 

There are two aspects of the completed structural stocking 
guide model framework that can be checked with examples. 
The first is the notion that aBALM is useful in defining the 
shape of the underlying diameter dismbution independently of 
the subsequent prediction relationship in [6]. Second, disui- 
butions recovered using predicted values of BALM, and thus 
aBALM, must also be verified as reasonable. Both models can 
be compared against known stand data for this exercise. In the 
following examples, [4] is solved with parameters *L estimated 
directly from the stand tables for each stand yielding solution 
vector &. Then, [4] is again solved, hut using $:, where & is 
predicted using [6]; this yields solution vector q. These recov- 
ered distributions are compared to the two-parameter Weibull 
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Table 2. Estimated stand and diameter distribution parameters for example stands 
corresponding to Fig. 8. 

Stand 

Doe Hodeeman Lamson Mast Yard-A 

B (ft2-acre-') 156.4 190.6 169.3 185.2 
N (acre-') 340.1 213.3 260.1 493.8 
D, (in.) 9.2 12.8 10.9 8.3 
Dm;" (in.) 0.0 5.0 2.5 0.0 
=BALM 0.81 0.63 0.73 0.74 
p 0.76 0.67 0.71 0.73 
8 =  ( 3 . h  (1.55.8.41) (3.29.13.20) (1.92,10.30) (1.76.8.03) 
e = ( ? . B )  (1.15.7.26) (6.51.13.52) (2.06.10.99) (1.92.8.21) 
e p  = (3,. @) (1.65.8.72) (3.90.13.59) (214.11.27) (2.03,8.32) 
No. of samples (n) 55 16 15 4 

Note: =BALM is estimated from the stand inventory in this fable. To canven scale 
parameter values to mehic, multiply by 2.54. 

fitted by maximum likelihood (ML) for each stand, denoted 
0 = ( 9 ,  j). The ML estimates can be generated because de- 
tailed inventory information is available for the example stands. 

It may be tempting to use datafromindividual plots or points 
to verify the relationships of the structural stocking guide model 
presented. However, even though the stocking guide A- and 
B-lines were developed using individual plot data, it must be 
remembered that the proper application of such guides, with or 
without structural diameter class information, is with invento- 
ries taken over multiple points within relatively homogeneous 
stands. In the application of SSGs, this admonition becomes 
even more important because estimated stand tables can vary 
substantially from point to point within a stand, and the prac- 
tice of taking enough samples to get a smoother version of 
the estimated stand table is recommended, especially in non- 
homogeneous stands. Available inventory information on pure 
stands was used, and insofar as possible, an attempt was made 
to choose stands over a range of the stocking guide. 

The results are shown in Table 2, with the stand diameter 
distributions plotted in Fig. 8. All stands are pure eastern white 
pine with various mix of other species, but not less than 75% 
overstory basal area in white pine. The stands were inventoried 
with either horizontal point sampling (HPS) or fixed radius plot 
(FRP) sampling. The number of sample units n taken in each 
stand are shown in Table 2. Where HPS was used, the ML 
estimates were fitted by combining all points and using the 
sizebiased likelihood approach (Gove 2000,2003; Van Deusen 
1986). For stands inventoried with FRPs, the MLestimates were 
fitted to the estimated stand table. The program BALANCE 
(Gove 2003a) was used to produce the ML estimates in either 
case. 

At first glance, the results presented in Fig. 8 appear mixed: 
in Figs. 8c and 8d the distributions from the stand-based esti- 
mate of CXBALM seem to fit well; however, in Figs. 8a and 8b 
they do not. The reason for this evidently lies in a point that 
was mentioned earlier; there can be many different stand distri- 
butions that share the same value of NBALM. The Hodgeman 
tract (Fig. 8b) illustrates this best where the underlying stand 
diameter distrihutitn is well-behaved, but the estimated dis- 
tribution based on 0, grossly overestimates the peakedness in 

the distribution. The reason for this is that there is no informa- 
tion in NBALM when calculated directly from the stand tables 
about the minimum DBH of 5.5 in. in this stand, a value that is 
quite significant. Comparing the curve generated from the esti- 
mates < in the same figure, one could argue that the adjusted 
prediction of from model [6] leads to even slightly better es- 
timates for this stand than maximum likelihood. Similarly, the 
Doe Farm in Fig. 8a is a slightly bimodal distribution. However, 
the theory for the use of CXBALM in establishing the shape of 
the underlying distribution assumes unimodality. Thus, a bias 
again appears in the estimates 8, in this example. The estimates 
8: resulting from model-prediction of result in a distribution 
curve that is virtually indistinguishable from that generated by 
MT . 

The main point to the analysis of the Doe and Hodgeman 
tracts is that stand estimates of NBALM may require model 
adjustment based on the minimum DBH sampled in the stand. 
Estimates calculated directly from the stand table do not con- 
tain any such adjustment and could represent other stand distri- 
butions with similar values of N, and B,. The adjustments are 
species-specific, and equations similar to [6] canbe empirically 
fitted to accomplish this adjustment. The values in Table 2 show 
that the adjustment can work in either direction in the stands 
presented. 

The stands in Fig. 8c and 8d are comparatively well be- 
haved in both cases. The Lamson Farm (Fig. 8c) has a spike 
of small trees in the 3-in. class. However, this evidently acts 
like a weighting factor - as if the basal area of these 3-in. trees 
were spread according to the underlying distribution across the 
1- to 3-in. classes - since there is little practical difference in 
the estimated PR distributions from ML. Lastly, Mast Yard-A 
presents a very well-behaved, even-aged stand with all diam- 
eters measured - such stands are evidently modeled well by 
the structural stocking guide PR technique. 

Discussion 

For modeling methods used to develop structural stocking 
guides in this paper to become useful, they must also hold for 
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Fig 8. Example stand diameter distributions with maximum likelihood (solid), stand-based aBALM (dashed), and model estimate 
(dotted) parameter recovery fits for (a) Doe Farm, (b) Hodgeman, (c) Lamson Farm, and (d) Mast Yard-A (see Table 2). 
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other species and species associations found in existing guides. 
It is clear that if =BALM is a useful predictor of diameter 
distribution shape, then this result is invariant across such lines 
and the model in [4] holds regardless of species. This can easily 
he tested by applying [4] to stands with detailed inventory data 
that allow comparing this parameter recovery model against 
ML as has been done for eastern white pine here. However, 
the more uncertain relationship is that of [6] and the question 
can be posed as to whether it holds for any other species other 
than white pine or if it is simply a phenomenon of fully stocked 
pure eastern white pine stands? Figure 9 presents relationships 
for both the spruce-fir and northern hardwoods habitat types 
similar to that found in Fig. 4 for eastern white pine. Clearly, 
the relationships hold for these species assemblages too. Lndeed, 
in both cases, all three variables ( B ,  N ,  Dq) were significant in 
a simple linear regression of BALM on +. For spruce-fir, there 
were n = 1799 individual cross-sectional plot observations 
withan R' = 0.94; for northern hardwoods, n = 946 and R' = 
0.92. Bothdatasets consisted of managed and unmanagedplots. 
It can he conjectured, therefore, that the relationship between 
B and BALM, at least, may be fairly universal for temperate 
forest species associations. In addition, because the plots for 
both data sets span the full range of the stocking guide, this 
undoubtedly contributes to the significance of N and Dq in 
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the regressions. Such results are highly desirable because they 
provide for guides that adjust the prediction of BALM (and 
thus mBALM) over the N-B plane, defining different stand 
structures throughout. 

Given the above results, the structural stocking guides pre- 
sented in Figs. 6 and 7 should not yet be thought of as the final 
guide for eastern white pine. The main reason is that the plots 
used to calibrate eq. 6 do not adequately span all of the portions 
of the N - B  plane that are relevant to-the stocking guide, with 
understocked and smaller diameter (D, c 6in.) stands under- 
represented in the Hatch data. However, the Hatch white pine 
data set was chosen to demonstrate the theory of SSG because 
it provided an example data set that allowed simple illustra- 
tion of the concepts both numerically and graphically without 
becoming overwhelmed in data (e.g., Fig. 4). 

In addition, pure stands of eastern white pine behave rea- 
sonably well with respect to the proposed Weibull parameter 
recovery eq. 4. It can be shown numerically (Appendix A) that 
the minimum =BALM that is possible with the two-parameter 
Weibull distribution is approximately 0.575 and that the max- 
imum is approximately 0.999. Distributions within this range 
effectively span the skewness-kurtosis curve for the Weibull in 
the Pearson plane. Thus, any stand having a =BALM or is 
that is below this lower bound can not be fitted with the pa- 
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Fig. 9. Scatter plot of BALM versus B for the (a) spruce-fir 
(n = 1799) and (b)  notthem hardwoods (n = 946) data sets. 
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rameter recovery model [4] because they are beyond the limit 
of the Weibull's flexibility. In such cases, another distribution 
must be sought that is more flexible. An immediate candidate 
is Johnson's Sg distribution (Johnson 1949). Unfortunately, the 
added flexibility comes with a price: Johnson's Sg has four pa- 
rameters that must be estimated, requiring two more estimating 
equations for [4]. Both the spruce-iir and northern hardwoods 
data sets had numerous sample plots that fell below the lower 
limit of =BALM for the Weibull. Comparatively, several plots 
in the Hatch data set had one or more measurements that fell be- 
low this lower limit. This presents yet another reason for using 
model-adjusted estimates of mBALM for candidate stands. 

The relative inflexibility of the Weibull compared to dis- 
tributions like Sg should not be misconshued as a weakness 
of the structural stocking guide parameter recovery approach 
in general. One can readily envision a number of estimating 
equations tied to other stand attributes that can be used to aug- 
ment [4]. Such equations could take the form of simple, whole- 
stand prediction equations, such as those used traditionally in 
growth modeling. Examples of more complex parameter recov- 
ery schemes such as these are available in the literature (Lynch 
and Moser 1986; Murphy and Farrar 1988). In addition, other 
augmented guides (Goelz 1990; Leary and Standfield 1986; 

Seymour and Smith 1987) may provide a possible source for 
underlying model relationships. The generation of structural 
stocking guides is inherently complicated enough that the sim- 
plest approach was chosen to introduce the s u b j e c t  hence the 
choice of the eastern white pine guide discussed here. 

The latter point on the flexibility of the Weibull is one that 
must be considered when deciding which distribution to use in 
[4]. However, it must be stressed again that relationship [6] ,  
like the A- and B-lines on the guide, is developed based on in- 
dividual plots. Thus, the diameter distributions associated with 
these data may be far more variable than those estimated for a 
homogenous stand with an appropriate sample support. It is this 
stand data that is actually used in the final parameter recovery 
model, and thus this may be somewhat less of a concern. In 
addition, no attempt was made to stratify the points in Fig. 9 
by harvest history. It is possible that those plots that have been 
cut tum out to be the ones with the most aberrant values of 
=BALM, especially given the fact that the Hatch plots were all 
uncut in recent history. 

The parameter recovery model presented here can also be 
used for refinement and redefinition of certain existing attributes 
of stocking guides. For example, in the normal course of stock- 
ing guide development, the B-line is constructed by predicting 
the crown area for the tree of a given mean stand diameter. 
This area is subsequently factored into the area of one acre (or 
hectare) to anive at the number of trees that can fit in an acre 
when all crowns are touching. Various projected crown shapes 
are used for this scheme. However, one unreasonable assump- 
tion in this technique (note that Seymour and Smith (1987) have 
provided an alternative to this method) is that of the degener- 
ate diameter distribution: a stand where all trees are exactly the 
size of the tree of mean stand diameter. With the parameter re- 
covery approach, it is a straightforward matter to define a new 
mathematical programming model for the B-line stands similar 
to [4]. This model recovers the diameter distribution at given 
mean stand diameter while simultaneously determining the as- 
sociated crown areas that can fit into the proposed acre, thus 
establishing a specific B-line point (J.H. Gove, unpublished 
data). Assuming a distribution of tree diameters and associated 
crown areas is undoubtedly a more realistic approach to the de- 
velopment of B-line forest stocking than the degenerate model 
normally employed. 

Finally, it should be remembered that in practice, the quan- 
tities in eS will be estimated from a stand inventory. Thus, the 
estimates will be associated with some degree of sampling er- 
ror (possibly other sources of error as well; e.g., measurement, 
classification, etc.). The estimated sampling error will therefore 
also affect the model predictions from the stmctural stocking 
guides. Ducey and Larson (1997, 1999) have presented meth- 
ods for assessing the bias that can be attributed to such sources 
of error from stand inventories as related to various popular 
density management models. 

In summary, this paper has presented a paradigm for asso- 
ciating diameter distributions with traditional stocking guides 
while requiring the forest manager to have no more informa- 
tion than the usual ) hiplet for their use, other than an estimate 
of the minimum tree DBH. These guides lend themselves both 
to graphical presentation in the traditional manner and to in- 
corporation into computer packages that can easily solve the 
equations in [4] and [ 6 1  the heart of the system. 
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Appendix A. Minimizing and maximizing 
aBALM. 

The two-parameter Weibull distribution can take on a num- 
ber of shapes, but it is limited in its flexibility. Because the 
shape of the distribution is related to aBALM, the equation for 
~ B A L M B  can be treated as an objective function to be either 
minimized or maximized at any points on the stocking guide; 
viz 

where the first two constraints simply keep the Weibull param- 
eters from becoming ridiculous, and the last constraint fixes 

the minimization or maximization to a specific point s on the 
stocking guide using [2]. 

Solving [A.1] at several points will give very similar an- 
swers but does not quite give the global minimum or maximum 
aBALM for the two-parameter Weibull because of the extra 
constraint from [2]. The above nonlinear program can be eas- 
ily made independent of the stocking guide by dropping the 
last constraint and making the substitution used earlier for the 
quadratic mean stand diameter (i.e., 042 = P 2 r ( k 2 ) )  in the 
objective function; viz 
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